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VII. Prodlems concerning Interpolations. By Edward
Waring, M. D. F. R. §. and of the Infiitute of Bononia,
Lucafian Profefor of Matbematics in the Univerfity of
Cambridge.

Read Jan. 9, R. BRIGGs was the firft perfon, I believe,

19 that invented a method of differences
for interpolating logarithms at fmall intervals from each
other: his principles were followed by REGINALD and
MovToN in France. Sir ISAAC NEWTON, from the fame
principles, difcovered a general and elegant folution of
the abovementioned problem: perhaps a ftill more ele-
gant one on fome accounts has been fince difcovered by
Mefl: NIcHOLE and STIRLING. Inthe following theorems
the fame problem is refolved and rendered fomewhat
more general, without having any recourfe to finding the
fucceffive differences.

THEOREM I

Aflume an equation @+bx+cx*+dx® ., . ,.. x"'=zy,
in which the co-efficients a, 4, ¢, d, ¢, &c, are invariable;
I2 let
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6o Dr. WARING on Interpolations.

~let a, B, v, J) ¢, &c. denote z values of the unknown
quantity x, whofe correfpondent values of y let be re-
prefented by s%, % s%, %, s, &c. Then will the equa-
tion g bx+ex’ +dx xext . . "1z

¥—BXx—yxx—Axx—eX &c, A—a Xx—rXx~dXx—1 X &e. <8

, 5 X 8 ===t S
a—BXa—yXae—8¥a—ex &c. B—axB—yXB—IXB~eX &c.

P a X~ BXx—IXF—eX &c. A A XA BXE—y Xx—EX BCh &
T axy—BXy—dxy—ax & d—axd—Bxi—gxi—ix &c. >

— — — —
x—aXx—BXx—yXx—2& x&c.

— x §'+ &c.
Ca—m%E—BX sy Xi-dX &

DEMONSTRATIQ N..

Write o for x in the equation y =
KX Ry X KX H —h X .
KX K=Y KN X~ XS€+

x—BXx =y X x—3Xxex &e.
. T T R S e
B—aXB—yXR—=ExB~i1x &,

e BXa—yXa—dXa—1x & ¥
&c.; and all the terms but the firft in the refulting equa-~
tion. will vanifh, for each of them contains in its nume-
rator a faltor ¥~a=a—4=0; and the equation will be-

e Bix a—y X a—dxa—ix &,
come.y-',u_.gx @—yXa—&Xo—8X &e,

manner, by writing £, y, d; ¢, &c. fucceffively for x i
the given equation it may be proved, that when x is
equal to B, y, d, ¢, &c. then will y become refpectively

s, s7, s% s', which was to be demonftrated.
2. Aflume y=aua"+bx"+5+cxr+2 4 dxr+3 ., xr+n—1s;
and when x becomes &, £, ¥, ¢, &, &c. let  become re-
fpe&ively

Q&

xs*=sh, In the fame
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fpe&tively s*, %, &, s, s', &c.; then will y =

2 xxt =B = = ¥ xat— P x &l

~, $ s, &8 3 s 5 s x 8%
a" X~ xa—pxa—xa'— ' x &

2 r —ax ¥ =y = P x '~ x &e, 8
X St

+ ; :
Bxf —a'xB v x B '~ xf'— ' x &e.

r 5 s s £ s 5 ' s
xxe—atxat—pixa =¥ xx'—14 x &e. &
+- ro s PR s, 8 s, s x. 87+ Ce.

¥ XY - XY = Xy —~¥xy =" x &c.

This may be demonftrated in the fame manner as.
the preceding theorem, by writing a, 8, v, J) ¢, 8&c. fuc=
ceflively for x.

PROBLEM.

Let there be # valuesa, 8,9, d,¢, &c. of the quantity x,,
to which the # values s@, s%, s7, s? s, 8c. of the quan--
tity y correfpond; fuppofe thefe quantities to be found
by any funétion X of the quantity x; let m, ¢, 0, 7, &0,
be values of the quantities x, to which s”, s¢, s, s, &c.
values of the quantity y correfpond: for x fubftitute its
abovementioned values -, ¢, .03 7; &c.. in the funétion X,
and let the quantities refulting be %, s¢,. 57, §7, &c. not
equal to the preceding- s™, s¢; 57, 8% &c. refpectively; to
find a quantity which added to the function X fhall not
only give the true values of the quantity y correfponding
to the values a, 8, 9, d) ¢, 8c. of the quantity x, but alfo

cor-
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correfponding to the values w, ¢, 0, 7, 8&c. of the above-
mentioned quantity x.

Affume §™—§"=T7, §i~-§¢=T¢, S°=§°=T% S§'—S$"=7T",
&c.; then the errors of the function X will be refpec-
tively T7, 1%, 1°, T%, &cC.; and the correcting quantity
{fought may be

FaXx—BXF—yXF_dxi—tX BC. i—gxr—oxx—tX &C. -

T o X S==——
Fma X T—BXT—yXT=8XT—tX &C.  F—egXw—oXw—7X &C,

x—mXx—ocXx—1X &Cc.

X—aXx—Bxx—yXx—3dXx—1t X &c.
o+ s X === == x T¢
e—axXg—Bxg—yXe—=oxeg—ex &, = p—mxe—oXe—7x &c.
AmaXX—BXx—yX¥—=dXx—s X &, x—mx¥—pgxx—7X &c.

x T

m— T K
c—aXs—PBXo=yXoe—3Xo—s X&. oc—axoc—gXo—qsx &c.

*—aXX—BX¥—yXx—8Xx—e X&C  ¥—TXx—gXx—eXx &C. 7
ST (s S K e T i e T —
T—aXT—=BXT—yXT=X 75—t X&  r—7X — XT—0¢ Xx &c.

+ &c.
Aliter.

Letwx—axx~Bxx—yxx—dxx—gx & xx¥—x

XX—pXX—=TXX=TxX &c.=N; m—axw—fx T—y X T—0x T—g

x &c.xaxn_:a:x n—7x &C.=I1; p—axp—Bxp—yxp—Jx

E-—-_Ex &c. X Q=T XP=0XE—TX &c.=P; 0‘~ﬂlxo-—ﬁxa'—.yx

c—dxg—ex &C. xg—Txg—pxo—7x XC.=Z3 7—ax7—Fx

T—yX T—0x T—gx &C. X T—-T x T—px T—0 x &C.=T,&c.; then
. . " T¢

may the corre&ing quantity fought be N \ —_—=+——

NX¥—7 PXi—g

T "

<+

IXx—c Txx=—7

+ + &C.).

This
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This problem may be.demonftrated in the fame man-

ner as the preceding theorems, by writing for x in the-
correting quantity fucceffively its values r, ¢, o, 7, &c.

2. For the correting quantity fought may be affumed

s s s $ s s ] S r 3 s T__*s
s d—at =By XA =¥ Beox A X X~

the quantity g L4 - - £ z

wmxr =X =Y X =% e x ¥ x o= xS

x¥—vxbe ow, Feaxa-gxa’oyx -V &e x s x o
Xn—7x&c. ef—a' e =B x — Y xg =¥ x & xg x '~

xxoexdodxbe ey &
x e‘... ’xe— 5 x &,

3. In general, let z be any quantity which is=g,,
when x becomes either a, , 'y,,'J_‘,‘s,, &ec.: let z become:
fucceflively a, B, c, D, &c. when ¥ becomes 7,. £>.05.7s,
&c. refpectively. When x either = ¢, 0,7, &c. let I =03
but if x=nx, let [I=p: in the {ame manner when x either:
=m, 7, 7, &c.let P=0; but when x=g let P=r: and fimi-
larly, let £=0 when « is either =, g, 7, &c.; but when.
x =0 let £ =s: and likewife, when x is either , o, 0, &c..
let T=0; but when ¥=1 let T=¢: &c. then for the cor-

reiting quantity fought may be affumed = x ;—’ X T+

z P z z 2z T
— N — € o e ¢ T 3 e 8¢ —— T ,
.xrx'r+cx‘xT+nx‘xT.+&c.

T H E=~-
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T H E O R E M.

Aflume (%) quantities a, B, 9, J) ¢, &c. then will the
fum of all the (#) quantities of the following kind

”
o

+ W—aﬂ:—“
a-?X«-wa-ﬁXn—ax &c. B—o X B—yXB—3XB~—1X &c.
L a"‘

- k4 — e
V—-ux'r-v-tzx:})(y——lx &€ S Xd= BRIy X i—s X &ECs
e i + &c.=p, if m be any whole
L e o ——
§—a X 1= X1—y Xe—3 X &C. ’ S D

number lefs than »— 1; but if » =n- 1, then will the
above mentioned fum=1. In general, the fum of the

7 terms = (8r38&c.4+By:&c. 480 +ydiboe &) o
el X Gty X Gt Rt X &€

3 (wa&C +m¢:&c.+a3.&c +y3|&c +&C Y +
B XBrey X B—3 X Bs X, &C.

v (8285, + ,.e. &e. 4 ade &c. 4 B3 &c. 4 &e.) +
Y Xy—P X y—3 X et y—¢ &G0

3" (aBy &eo + afr&c. + aysic, +8x)
»—-ux X Oty X 01t X &C.

" (aBy &c. + aB2&c. + ayd&e. 4 gyd&e. 4 &c)
o X*n-ﬁx s—p X =3 X K0:

if m be lefs than #, and 72+ not equal to #—1, where »
is equal to the number of letters contained in each of the
contents above mentioned By d; &c. Bye, &c. B, &c.
o0¢, &c. &c. &c. refpe&ively: but if m+r=#x-1, then
will the above mentioned fum = = 1 it will be + 1 if
be an even number, otherwife ~ 1.

4 DEMON-~

+&c.=o,
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DEMONSTRATION,

Suppofc a+ba+ca’+dad+eat+ &c. =57,
a+bB+cB+dRP+ef+ &c. =P,
at+by+cy’+dyi+eyt+ e, =9,
a+bd+cd*+dd+ed*+&c. =%
a+be+ce +de +egt+ &, =5, multiply

thefe equations into' 4, B, C, D, E, &c. unknown co-effi-
cients to be inveftigated, and there refult
AxS*=Ag+Aaba+Aca’+Adal+aext+&c.
Bxs®=Ba+BOLB +BcS+BdB+Beft+8&c.
exsr=ca+chby+ccy’+cdy+cdyt+&ec.
Dxs’=pa+D5J+Dcd*+DdJ? +Ddd*+&c.
ExS=Eqd+Ede+Ece’ + Ede® +E6e + &c. &c. &e.
Now fuppofe As®+Bs®+cs?+bs’+Es' + &c. =@ +bx +cx?
+dx%+ex*+8&ec. and the correfpondent parts refpectively
equal to each other; that is, @ (A+B+C+D+E+ &c.) = a3
b(Aa+BPR+Ccy+Dd+Ee+&C)=0%; Aa*+BS +Cy*+DJ"
+Eg*+ &cC. =a’; Aad+B + Copt+ DO+ EL+ &e =at;
Axot+BfB*+cyt+ DI+ Eet+ &c, =x% &c.: But it follows
from Theorem . that (if as*+Bsf+cs?+ ps’+Es'+&c..
F—BXF—y X ¥—3X ¥ —s X &C,

= a+hx+cx +dx+ext+ KC) A = ==y,
. G~ PRty Xa—d X & =1 X&C.

YouL. LXIX. K B=
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x—aXx—yxX¥—axx—eX&e. _x—axx—Bxx—3Ixx—1xke
B= B—axB—yxB-3xB—eX&c? T T axy—BXy—dxy—rx&e?
F—axx—Bxx—yxi—cx&e. _x—aXx—Bxx—yxx—3x&e,

D o Bxd i X & BT T TAx X e—dX &c.?

&c.: fubftitute thefe values for a, B, ¢, D, E, &c. re{pec-
tively in the preceding equations(A+B+C+D+E+&c.=1,
Ax+BS+cy+DJ+Ee+ &c. =%, Aa’+BS +Co’+ D3+
E¢*+ &c.=&% Aa’+BS +Col+D I3 +Ee}+ &c. = a3, &c.)

— —

X—BXX gy X ¥ — ¥—3x r—ex &,
a—BXa—yXa—3 Xa—i% &

and there refult the equations (1)

x—aX¥—yXrx—dXx—ex&C, x—aXx—Bxx—3xx—XXc,

FeaxfoyxB—txf—ixbc, y—a ><7—ﬁxv-3xy-sx&e.+&c'= L

. x— gxx_,.xx-é‘xx-cx&c._‘.ﬁxx-—ax:r-yxx-é‘xx-—cx&c.
( )otx“ Bxam—myXa—dxa—sx&c, BmaXBmyXB—3xB—sx &c.
+ox x—xxx—BXx—k)(x—nx&c.

7y —aXy—BXy—3Xy—eX&e.

( ) Xx BXx—'yXx--i‘Xf—‘X&C- ﬁz x—axx-'yXx—JXx—ux&c,
3k X ey Xa — X —eX&ic, B—aX By XB—0%E X oc.

x—uxx-ﬁxx—zx""x&“
+ Y ==

y_uxy__ﬁxy_sx'y—lx&Co
amx-;-iﬁx’;:yx‘::axl:x&c. ﬁmxx—axx—vxx—’xx—'x&&
a—BXa—yXa—dxa—tx&e. B—axB-yXB—IX g—ix&e.

+7m x—uxx—SXx—J'xx—vX&c._,.a‘m F—aXE— 3X¥-'7Xx—nx&c.-
y—aXy—BXy—9Xy—X&c. S—axd— Bxd—yx¥—ix&e,

+8&c.=x", whatever may be the values of the quantities
%3 oy B> 95 05 £ &c.: reduce all thefe fraétions into terms,
proceeding according to the dimenfions of the quantity
x, and it is evident, that the fum of all the fractions mul-~

tiplied

+ &c.=x;

=x*; and in general,
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tiplied into any dimenfion of x not equal to 72 will be
= o3 but the fum of all the fradtions multiplied into x=
will be = 1: from this propofition the theorem is eafily
deduced. ‘

I have invented and demontftrated from different prin-
ciples to the preceding the firft part of this theorem, a
particular cafe of which was publithed by me many years
ago.

From this theorem may eafily be deduced feverak
others of a fimilar nature.




